We use analytic conformal bootstrap methods to determine the anomalous dimensions and OPE coefficients for large spin operators in general conformal field theories in four dimensions containing a scalar operator of conformal dimension ∆ φ . It is known that such theories will contain an infinite sequence of large spin operators with twists approaching 2∆ φ +2n for each integer n. By considering the case where such operators are separated by a twist gap from other operators at large spin, we analytically determine the n, ∆ φ dependence of the anomalous dimensions. We find that for all n, the anomalous dimensions are negative for ∆ φ satisfying the unitarity bound, thus extending the Nachtmann theorem to non-zero n. In the limit when n is large, we find agreement with the AdS/CFT prediction corresponding to the Eikonal limit of a 2-2 scattering with dominant graviton exchange.
Introduction
Over the last few years there has been a resurgent interest in conformal bootstrap methods [1] , [2] , [3] using the seminal work on conformal blocks by Dolan and Osborn [4] . Using numerical methods, interesting constraints have been placed on conformal field theories in diverse dimensions [1] . Applications have been found in diverse field theories ranging from supersymmetric conformal field theories [5] to the 3d-Ising model at criticality [6] . The lessons learnt using these methods transcend any underlying Lagrangian formulation and are hoped to be very general. Our aim in this paper is to present new analytic results for conformal field theories in four dimensions.
Analytic bootstrap methods have been used in [7, 8] to study the four point function of four identical scalar operators. It has been shown that there must exist towers of operators at large spins with twists 2∆ φ + 2n with ∆ φ being the conformal dimension of the scalar and n ≥ 0 is an integer. For the case where a single tower of operator exists with twists 2∆ φ + 2n and there is a twist gap between these operators and any other operator, one can calculate the anomalous dimensions of such operators. In four dimensions, the anomalous dimensions in the large spin ( 1) limit for these operators for n = 0 are given by [7, 8, 9] ,
n-see [16] for a recent calculation for the dimension-2 case and [17] for earlier work related to the dimension-3 case. Furthermore, in [12, 13, 14] , using Eikonal approximation methods pertaining to 2-2 scattering with spin-m exchange in the gravity dual, the anomalous dimensions of largeand large-n operators have been calculated.
In this paper we examine γ(n, ) and OPE coefficients for general CFTs following [7, 8] . Our findings are consistent with AdS/CFT predictions [12, 13, 14] where it was found that for n 1, γ(n, ) ∝ −n 4 / 2 while for n 1, γ(n, ) ∝ −n 3 / for graviton exchange dominance in the five dimensional bulk.
Summary of the results:
As we will summarize below, we can calculate the anomalous dimensions and OPE coefficients for the single tower of twist 2∆ φ + 2n operators with large spin-which contribute to one side of the bootstrap equation in an appropriate limit with the other side being dominated by certain minimal twist operators. In this paper we will focus on the case where the minimal twist τ m = 2. One can consider various spins m for these operators. We will present our findings for various spins separately; the case where different spins m contribute together can be computed by adding up our results. We begin by summarizing the n 1 case first. We note that, as was pointed out in [7] , in this limit we do not need to have an explicit 1/N 2 expansion parameter to make these claims. The 1/ 2 suppression in both the anomalous dimensions and OPE coefficients does the job of a small expansion parameter 2 .
For the dominant τ m = 2, m = 0 contribution, the anomalous dimension becomes independent of n and is given by,
while the correction to the OPE coefficient can be shown to approximate to,
3)
in the large n limit similar to the observation made in [2] . The coefficientq ∆ φ ,n is related to the MFT coefficients as shown in (2.12) later. Here P m is related to the OPE coefficient corresponding to the τ m = 2, m = 0 operator. For the dominant τ m = 2 = m contribution, the anomalous dimension is given by,
where,
φ (∆ φ − 1) 2 + 12n 3 (2∆ φ − 3) + 6n 2 (11 − 14∆ φ + 5∆ (1.5)
2 Strictly speaking we will need 2 n 4 for this to hold. Otherwise we will assume that there is a small expansion parameter.
Using the standard AdS/CFT normalization (see [8] ), P m = 2∆ 2 φ /(45N 2 ) and hence P m /∆ 2 φ becomes independent of ∆ φ . Thus for n 1, γ(n, )N 2 ≈ −4n 4 / 2 , independent of ∆ φ . The coefficients γ n are negative for arbitrary n and ∆ φ ≥ 1. Interestingly some γ n 's can become positive if 0 < ∆ φ < 1, i.e., for ∆ φ violating the unitarity bound 3 . For general m we find that the anomalous dimension behaves like 6) for large n. The proportionality constant is related to the corresponding OPE coefficient. Even for this case, the anomalous dimensions are all negative for ∆ φ respecting the unitarity bound and can be positive otherwise. Thus there appears to be an interesting correlation between CFT unitarity and bulk causality (in the sense that the sign of the anomalous dimension is correlated with the bulk Shapiro time delay [15] ).
Let us make some observations. If we assume that m ≤ 2 as in [7] , our results suggest that since the ∆ φ dependence drops out in γ n for n 1, the findings are universal for any 4d CFT with a scalar of conformal dimension ∆ φ and where in the 1 limit the spectrum is populated with a single tower of operators with twists 2∆ φ + 2n separated by a twist gap from other operators.
The explicit results given in [16, 17] are indeed consistent with the universal form of our result at large n. Furthermore our result is consistent with the AdS/CFT calculations in the Eikonal approximation. This gives credence to our finding that in the limit n 1 the anomalous dimensions and the OPE coefficients for the m = 2 exchange indeed take on a universal form provided we choose the AdS/CFT normalization for P m .
In the other interesting limit n 1 which falls in the purview of the AdS/CFT calculations in [12, 13, 14] , we will give an argument based on saddle point approximations that the bootstrap results are indeed consistent with the AdS/CFT calculation. In this case, however we will need to assume a small expansion parameter 1/N 2 in the large-N limit since n 3 / 1. This limit corresponds to the scattering problem with a small impact parameter ρ and hence we expect to see stringy effects from the dual gravity perspective. Nevertheless for large ∆ φ and for ρ ∼ /n > 0 /n max ( 0 is a lower cutoff on while n max is an upper cutoff on n; both are needed for our analysis to be valid) we will give a saddle point argument that the n dependence from the bootstrap equation is identical to what arises in the calculations of [12, 13, 14] .
Our paper is organized as follows: we start with the review of the analytical bootstrap methods used in [7, 8] in section (2) . In section (3) we apply these methods in the limit when the spin is much larger than the twist, to cases where the lhs of the bootstrap equation is dominated by either the twist-2, spin-2 operator exchange or a twist-2 scalar operator exchange. In section (4) we address the other limit where the twist is much larger than the spin. This section aims to provide an unified approach to handle both the limits ( n and n ) using a saddle point analysis.
In section (5) we compare our results with the ones from AdS/CFT. Specifically we find that our results are in agreement with the results in [12, 13, 14] in both the limits. In section (6) we discuss the behaviour of the corrections to the OPE coefficients C n for n limit where we show that asymptotically the coefficients C n approach the relation (1.3) while at low n there are deviations.
We end the paper with a brief discussion of open questions in (7) . Certain useful relations and formulae used for (2) are discussed in appendices (A) and (B). In the last appendix (C) we give a brief detail of the n dependence of the coefficients γ n for m > 2 cases.
Review of the analytical approach
We begin by reviewing the key results of [7] (see also [8] ) which will help us set the notation as well.
Consider the scalar 4-point correlation function φ(x 1 )φ(x 2 )φ(x 3 )φ(x 4 ) . In an arbitrary conformal field theory, we have a 12 → 34 OPE decomposition (s-channel) given by,
Here we have used the notation x ij = x i − x j . The variables u and v are the conformal cross ratios defined by, The 4-point function will also have a decomposition in the 14 → 23 channel (t-channel), and equating the two channels we will have the bootstrap equation,
We will work in the limit u v < 1. In this limit the leading term on the lhs is the 1. However on the rhs g τ, has no negative power of u in the small u limit and all terms are vanishingly small.
So we cannot reproduce the leading 1 from the rhs from a finite number of terms. In mean field theory it was shown [7] that the large operators produce the leading term. For a general CFT, the authors of [7] argued that in order to satisfy the leading behavior,
the twists τ must have the same pattern as in MFT. To show this we have to look at the large and small u limit of the conformal blocks,
Here z is defined by u = zz , v = (1 − z)(1 −z); and
is a positive and analytic function near v = 0 whose exact expression is not necessary for the discussion. We derive the above result later in this section. For now, we just use this to rewrite (2.4),
The term in brackets are independent of z and after taking the limit and doing the sum (over ).
Then what is left is just a function of τ with a sum over τ . The function
v begins with a constant. Thus we must have τ /2 = ∆ φ in the spectrum. Next since
terms with higher powers in v, we must have τ = 2∆ φ + 2n for every integer n, to cancel these terms. This shows that there are operators with twists τ = 2∆ φ + 2n. Since these are operators in MFT,
at leading order. We will now focus our attention on the subleading terms of the bootstrap equation.
The subleading corrections to the bootstrap equation are characterized by the anomalous dimension γ(n, ) and corrected OPE coefficients C n . We will assume that for each there is a single operator having twist τ ≈ 2∆ φ + 2n. The bootstrap equation takes the form 4 ,
which is valid upto subleading corrections in u as u → 0. Note that the lhs demands the existence of an operator of minimal twist τ m = ∆ m − m which is non-zero. We set
and consider u → 0 to be z → 0. The explicit form of the function f τm, m (v) is given by,
Later we will set τ m = 2 because we are particularly interested in the twist 2 primary operator or the stress tensor in the theory.
Let us now focus on the rhs where we have an infinite sum over all twists and spins. In the limit n 1 we can simplify the rhs considerably. Note that we will be working in d = 4
since in the d = 2 case there is no minimal twist operator with a twist gap from the identity operator (τ d=2 min = 0). To proceed we first need to find the behaviour of the conformal blocks in the above limit ( in other words τ m = 2) and when |u| |v| < 1.
, we can form a small z expansion around z = 0 and then a small v expansion.
To find the anomalous dimension γ(n, ) for each we need to match the coefficients of the terms v n log v on both sides of (2.7). Considering τ (n, ) = 2∆ φ + 2n + γ(n, ), we can see that the log v arises from the next to the leading term in the perturbative expansion around small v given by,
The MFT coefficients take the following form in the n limit, 10) where the coefficient q ∆ φ ,n is given by,
Here (a) b = Γ(a + b)/Γ(a) is the Pochhammer symbol. We will also use another notation for convenience in the later part of the work,
The d = 4 crossed conformal blocks are given by
where we have already defined k β (x) in (2.5). As already mentioned, in the large limit, the conformal blocks simplify to give (2.5). For n we can decompose k 2 +τ (1 − z) even further to get,
We will also need the expression for
. In d = 4 we have,
With this, the entire (log v dependent part of) rhs of (2.7) in the limit n can be organized into the following form,
Now the overall factor of u ∆ φ sitting on the rhs of (2.7) is translated into an overall factor of
We assume that the anomalous dimension has the form γ(n, ) = γ n / α . Now in the large limit we can convert the sum over in (2.16) into an integral given by,
In order to do this integral, it is convenient to use an upper cutoff L. The integral works out to be in terms of regularized Hypergeometric functions. By expanding the result assuming L √ z 1
and 0 √ z 1 we get the leading and subleading terms in the above equation. For ∆ φ > 1, the O(z ∆ φ log z) terms can be ignored. This reproduces 5 the factor of z τm 2 exactly if α = τ m . If we take the minimal nonzero twist to be τ m = 2, the anomalous dimension behaves as,
Once again the interested reader should refer to [7, 8] for the mathematical details of the above algebra and approximations. In the next section, we demonstrate how the expression for γ n can be given in terms of an exact sum for all n. This sum enables us to extract the exact behaviour of the anomalous dimensions for all n when n. Later, we will explore how γ(n, ) behaves in the other limit n .
The n case
We begin by determining γ n appearing in (2.18) in the limit n. To get γ n , we have to match the power of v n log v on both sides of (2.7). To do that we take the (1 − v) ∆ φ −1 of (2.16) to the lhs of (2.7) and expand (1 − v) m+τm/2−∆φ+1 in powers of v. Thus the lhs of (2.7) becomes,
Expanding the term (1 − v) m+τm/2−∆φ+1 , we get,
Now set n + α = k whereby the lhs can be arranged as ∞ n=0 L n v n log v where to find L k we need to perform the α sum explicitly.
This gives, the coefficient of v n log v to be,
where we have multiplied the lhs of (2.7) with an overall numerical factor of 16 coming from the rhs of (2.7). This finite sum is given by,
To get the same coefficient of v n log v on the rhs of (2.7), we expand the hypergeometric function in powers of v given by
where (a) b is the Pochhammer symbol given by (a) b = Γ(a + b)/Γ(a). On the rhs we have two
To put the rhs in the form Σ ∞ n=0 R n v n we will regroup the terms in the double sum in increasing powers of v n . This is achieved by setting k + α = n where α runs from 0 to n giving,
where, the coefficients R k can be written as
where the extra factor of 1 2 comes from the normalization 2 2 +τ −1 when we consider the large approximation of the conformal blocks. Equating the coefficients R n = L n we can find the corresponding coefficients γ n . Thus, in principle, we would know γ n if we know γ k for all k ≤ n − 1.
In figure (1) we have plotted the log γ n vs. log n for a twist-2 scalar and a twist-2 and spin-2 field.
We find that the slope of the curve for the twist-2, spin-2 exchange is ≈ 4 while that for the twist-2 scalar is a constant. So γ n ∼ n 4 for large values of n for spin-2 field. To show this behavior explicitly, we notice that γ n can be written as an exact sum over the coefficients R m appearing on the lhs. This formula can be guessed by looking at the first few γ n s. We give the form of the first few γ n s. These take the form 6 ,
(3.8) 6 We will assume ∆ φ > 1. See footnote 4. Figure 1 : log |γ n | vs. log n plot showing the dependence of γ n on n for n 1. γ T is the anomalous dimension for the spin-2 operator exchange and γ S for the scalar operator exchange. The slope of the blue straight line for spin-2 exchange is 3.998 while the red line denotes the scalar exchange for which γ n is constant for all n. We have used ∆ φ = 2 in the above plots.
We observe that the above terms follow a definite pattern which can be written as,
where for general τ m and m the coefficients c n,m are given by,
(3.10)
We have checked the analytic expression for the coefficients γ n agrees with the solutions of γ n found from solving the equations R k = L k order by order for arbitrary values of n.
3.1 Case I: τ m = 2, m = 0
We now consider the case where the lhs of (2.7) is dominated by the exchange of a twist-2 scalar operator. For this case
The coefficients a n,m can thus be written as,
We sum over the coefficients a n,m to get,
Note that the coefficients γ n appearing in the expression for the anomalous dimension become independent of n in this case. The details can be found in appendices (A) and (B).
Case II:
Here we consider the case where the lhs of (2.7) is dominated by the exchange of a twist-2 and spin-2 operator exchange. In the language of AdS/CFT, the particle is a graviton that dominates the scattering amplitude in the Eikonal limit [12, 13, 14] . As in the previous case the anomalous dimension goes as ∼ 1/ 2 for large spin in the rhs of (2.7). Performing the integration we are left with a single sum on the rhs from which we can determine the coefficients γ n as a function of n. Using relation (3.9) we can evaluate the coefficients L m for the case when τ m = 2 and m = 2 respectively which we proceed to show below. We defer the details of the calculation to the appendix and present here with only the final results. First we write
(3.14)
The combined coefficients a n,m , after putting in the proper normalizations, can be written as,
.
We can now perform the summation, over the coefficients a n,m to get,
The above formula negative and monotonic for all values of n and ∆ φ > 1 (see appendices (A) and (B) for details). Until this point we did not need the explicit form of the coefficient P m but we can choose the conventions [8] . P m for any general d is given by
This result follows from the conformal Ward identity 7 ; as a consequence the ∆ φ independence of the n 4 term in the anomalous dimension is a general result. For our case we put d = 4 and C T = 40N 2 , which correspond to the AdS 5 /CFT 4 normalization and where C T is the central charge. Putting all these together, we get,
Note that the n 4 term in γ n becomes independent of ∆ φ using this convention. Thus when n is large, the result is independent of ∆ φ and hence universal.
Comment on the N = 4 result
In [16] , the authors showed that for dimension-2 half-BPS multiplet the anomalous dimension in N = 4 SYM, for ∆ φ = 2, has the form, γ(n, )N 2 = − 4(n + 1)(n + 2)(n + 3)(n + 4) ( + 1)( + 6 + 2n) . 
The n 1 case
In this section we will deal with the other limit where n 1 implying we are still in the large spin limit but the twists are even larger. We will assume a general form of the anomalous dimension in n and given by,
where for the two cases ( n 1 and n 1), we want to show that b = 4, a = −2 and b = 3, a = −1 respectively. We start by a transformation of variables,
These are the variables originally used in the papers [12, 13, 14] . In the limit where n, ∆ φ we assume that, h ≈ n + , andh ≈ n . In terms of the variables h,h we can write,
In the next subsection we will elaborate on how the transformation of the original variables n and to h andh can be used to our advantage to demonstrate the behaviour of the anomalous dimension in both the limits n 1 and n 1.
Large h,h limit of the bootstrap equation
The coefficient P M F T in terms of the conformal dimensions h andh is given by,
The Stirling approximation of the Γ-function is given by,
(4.5)
Using this we can show that the MFT coefficients in the large h,h limit behave as,
Also in this limit and taking z → 0, the conformal blocks (crossed channel) takes the form,
The rhs of the (2.7) can be written as,
The essential idea is that the leading order z-dependence should come from performing only the h integral while the other integral overh can be converted into a sum to determine the coefficients γ n as a function of n. We now proceed to compute the h integral by the saddle point approximation method as follows. The h integral becomes,
We can further approximate the modified Bessel function for h √ z 1 as
Combining all these together, the h integral can be written as,
Note in advance that there are two different limits that we will be considering. One for n 1
case where h h so that, 12) and the other limit n 1 where (h −h)/2h 1 will be neglected. For these two limits the integrands will change accordingly as we list below for clarity.
1. Case I: n 1 or h h 1 where we approximate h +h ≈ h.
2. Case II: n 1. In this case (h −h)/2h 1 and can be neglected. Thus the integral becomes, √ πhz
(4.14)
In both the above cases we can approximate the leading order behaviour of the term (h −h) a+1 ≈ h a+1 + O(h/h).
Case I:
To perform the saddle point in this case, we put the function as, e g(h) , where,
The first order derivative gives,
Equating this to 0 we get the approximate saddle-point (assuming that it will be such that h h 1) at,
Note that the crucial fact is that the saddle-point goes as ∼ 1/ √ z. One important point is that
However we have shown in section 2, that ∆ φ > 1 is sufficient for our results for n to hold.
Thus although for the rest of the section we will use ∆ φ 7/4 (which follows from above with a = −2) this is strictly not needed unlike in the other limit n 1. To do the saddle-point approximation we need g (h 0 ) given by g (h 0 ) = −4z/(2∆ φ − 3/2 + a) . Putting in all these together we can evaluate the h integral in the limit n 1 as,
Comparing the leading order z-dependence on the lhs of (2.7), we get a = −2. We also must have ∆ φ 7/4. This will fix the leading dependence of the anomalous dimensions in the limit of large spins. After doing the h integral, the remaining integral onh can be converted into the sum as follows. Let us write down the fullh-integral after multiplying with (u/v)
one more time for the convenience of the reader.
The coefficient c ∆ φ is the same as the overall coefficient which appeared when we did the calculation for n limit if we have approximated K 0 (2h √ z) ∼ e −2h √ z . To convert the above integral back into its summation form, first note that the factorh 2∆ φ −7/2 2 7−2h is the asymptotic form of the function,
where for n ∆ φ we can takeh = ∆ φ + n ≈ n. We can further replace the parth b by γ n since this part comes from assuming a form for the coefficients γ n of the anomalous dimensions γ(n, l).
Apart from this, the other factors in the integrand ofh integral are exactly the same as for the n summation we have encountered earlier. Performing a change of variables,h = ∆ φ + n we can see that the integrand (without the factor of z) can be put into the summation form,
where
We already know the result of the above summation from the previous section. We thus find that the summation that leads to the exact expression for γ n given in (3.16) is the same summation that comes when we replace the integral overh with the sum over n.
As the main aim of the section is to draw a unified conclusion about both the limits viz. n 1 and n 1 from the saddle-point approach, we have also to calculate the integrand in the other limit which we proceed to do in the next section. Since the details are exactly the same as for this section we will omit some of the intermediate mathematical steps and quote the results for convenience.
Case II: n 1 or (h −h)/2h 1
Similarly for the other limit n 1 we can take the integral in (4.14) for which the saddle point is around,
Here also note that the saddle point goes as ∼ 1/ √ z and to keep the saddle within the domain of integration we are to choose,
To match the powers of z on both sides we will need g (h 0 ) which is given by,
Putting all these together in (4.14) we get,
which will match with the leading power of z for a = −1. So setting a = −1 and ∆ φ 7/4 fixes the dependence of the anomalous dimension in the limit n 1 case. Now following the same method as in the previous subsection we have to find the (approximate) n dependence.
The remaining integral overh can be written after multiplying the factor of (u/v) ∆ φ as,
where note that we have absorbed the factor of 2h in the integral and c ∆ φ is the same coefficient as given in (4.21). The rest of the steps are exactly the same as followed in the previous subsection but we demonstrate here once again for completeness. Once again, note that the factorh 2∆ φ −7/2 2 7−2h
is the asymptotic form of q ∆ φ ,n as given by (4.22). Consideringγ n = n b =h b we can immediately see that the integral overh is nothing but the familiar sum in the bootstrap equation, for the n 1 case. To see that clearly we change the variables fromh = ∆ φ + n and in the domain where n ∆ φ we obtain the summation form of the above integral (modulo the overall factor of z) as,
where as before
. Note that this is the same sum as (4.23) if we consider γ n = 2nγ n and with the exact same coefficients on the lhs.
Thus without calculating the sum over again, we find that the combined coefficient 2nγ n will also follow the same polynomial behaviour as the γ n for the n 1 limit. However the result is not valid if n is not large. The coefficients in the numerator of the anomalous dimensions in the two different limits (in both limits n 1) are related in a simple way:
Thus explicit forms of the anomalous dimensions in both the limits are given by,
Since 8 the n 1 limit probes short distance physics in the dual gravity description, it may appear confusing why this limit is captured by a mimimal twist exchange on the lhs of the bootstrap equation. We should point out that the saddle point analysis in this limit required (a) > 0 1 since these operators are supposed to play a role only for large , (b) n < n max for m = 2 since the anomalous dimension contributes −(2n/ )(n 2 /N 2 ) to the total dimension ∆ = 2∆ φ +2n+ +γ and the perturbative assumption will break down unless n < 1/2 N -note that if m = 0 then there is no n max and (c) ∆ φ 7/4 which was needed for the saddle to be within the range of integration 9 .
Thus the impact parameter from the dual gravity perspective satisfies ρ > ρ c ∼ 0 /n max . In [15] , it was conjectured that for ρ > ρ c ∼ 1/∆ gap , with ∆ gap being some scale at which stringy effects become important, the anomalous dimension for double trace operators in the n 1 would
behave precisely like what we find. If we say that ∆ gap ∼ 1/ √ α ∼ λ 1/4 , with λ being the 't Hooft coupling, then to keep 0 /n max ∼ 1/∆ gap small we will need λ > 1-which is consistent with the finding that the minimal twist operator dominates. We can estimate 0 ∼ N 2 λ −1/4 which follows
max N so that n max ∼ N 2 . It will be interesting to see stringy effects from the CFT (in other words seeing the necessity of going beyond the minimal twist operator on the lhs of the bootstrap equation), by considering /n < 0 /n max or ∆ φ ∼ O(1). We will leave a more careful investigation of this interesting question for future work.
Comparison with AdS/CFT
AdS/CFT provides us with a formula for the anomalous dimensions in terms of the variables h = ∆ φ + n, h =h + . In the limit h,h → ∞, the form of the anomalous dimension is given by [12, 13, 14] ,
where m is the spin of the minimal twist operator, Π(h,h) is a particular function of h,h and
where the radius of AdS is unity). In d = 4 the function Π(h,h) is given by
where ∆ m is the dimension of the minimal twist operator. Using ∆ m = 2 + m for operators with minimal twist 2 and spin-m , the expression for the anomalous dimension in 4d becomes,
Neglecting the factor of ∆ φ when both n, 1 we can write the above formula in terms n, giving,
In the limit n 1 we can see that the above formula reduces to γ(n, ) = −(
while in the opposite limit it gives, γ(n, ) = −(2 2 m−3 /N 2 )(n 2 m−1 / ), where m is the spin of the minimal twist operator. We can see that for m = 2 our results for the two limits match exactly with the above prediction from AdS/CFT. Also for m > 2 the n and dependence of the above expression is the same as given by our analysis (see appendix C).
6 Correction to OPE coefficients for n 1
We now turn to the question about what happens to the leading corrections to the OPE coefficients for the n 1 case. The starting point of the calculation is,
where we are now only considering the terms without the log v term in (2.8). As before we can perform the integration over the spins to eliminate one of the sums. To get the same leading order in z as explained in [7] , the coefficients δP 2∆ φ +2n, should go like,
Thus the above equation becomes, after performing the integration,
Acting the derivatives of n on v n obtains a v n log v term and the terms containing only v n come from considering,
At this point note that the function F (4) [2∆ φ +2n, v] = 2 τ 2 F 1 (∆ φ +n−1, ∆ φ +n−1, 2∆ φ +2n−2; v) has a separate n dependent part coming from the 2 τ . So the n-derivative should act on this part as well. Thus equation (6.4) becomes,
where the function g n,k , d n,k are defined as,
and ψ(z) = Γ (z)/Γ(z) is the digamma function. To regroup the terms in (6.5) increasing powers of v α , we set n + k = α and the lhs of the above equation becomes
By equating the two sides of the above equation via f α,∆ φ = A α , we can get the coefficients C n once we know the anomalous dimensions γ n . On the lhs of (6.4), the coefficients A α are determined as follows. We have absorbed the term (1 − v) ∆ φ −1 in to the lhs of (2.7) to obtain,
The coefficients A α can be written (after transposing the overall factor of 1/8 to the rhs of (6.5)
for the two cases of scalar and spin-2 operators as,
Figure 2: Plot for C n for three cases. The blue curve is for N = 4, the red curve for the twist-2, spin-2 operator exchange and the yellow for the twist-2 scalar. We have scaled down the OPE coefficients by a factor 10 8 in this figure.
We can thus write (6.8) as, 10) with b α given in (6.8) . This relation can be inverted in the same spirit as we did for the anomalous dimensions. After inversion the corrections to the OPE coefficients can be written as,
where we have defined the coefficients B α above and c n,m is the same coefficient as given in (3.10).
Unfortunately to extract a closed form for the coefficients C n from the above sum appears difficult.
Nevertheless the behaviour of the OPE corrections can be inferred from (6.11). In figure (2) below we have done a comparative study of the OPE corrections for N = 4 SYM [16] , when the lhs of (2.7) is dominated by a twist-2, spin-2 operator and for twist-2 scalar operators. From the figure we see that at large n, C n tend to follow the relation,
whereas for small n there are deviations from the N = 4 case. From the inset in figure (2) we see that for low lying values of n, C n for the twist-2, spin-2 operator exchange becomes negative while those for the N = 4 case are positive. C n for the scalar exchange case is a constant positive value.
We were unable to extend our calculations to the n 1 case. The reason is that in order to compute the coefficient C n using the methods in this section we would need to know all the coefficients C 0 · · · C n−1 . This is not possible since we only know the leading order form of γ n in this limit.
Discussion
We conclude by listing some open problems.
• It will be nice to extend our results to other dimensions, especially odd dimensions where the conformal blocks are not known in closed form.
• It will be interesting to understand the restriction m ≤ 2 better. Since we found that the anomalous dimensions for large-n will be proportional to n 2 m , it could be that this behaviour will be incompatible with unitarity for m > 2. For instance, one can try to see if an introduction of a gap as advocated in [15] and examined further in [16] can make this case consistent as well.
• It will be interesting to capture stringy effects (or see why they are necessary) from CFT in the limit n 1. Namely, it will be nice to have a rigorous argument when we need a double expansion in terms of 1/N 2 and 1/∆ gap as advocated by [15, 16] and to identify what ∆ gap is. This will be the analog of g s , α expansion in string theory. For this it appears that we have to examine the bootstrap equation in the limit n 1 in the regime /n < 0 /n max or ∆ φ ∼ O(1) which are regimes that our saddle point analysis cannot capture.
• Our result used the scalar four point function as the starting point. Whether a similar conclusion can be reached by bootstrapping other four point functions of operators with spin = 0 is an interesting open problem.
• Our results agreed exactly with the large-n behaviour found using the Eikonal approximation in AdS/CFT. On the dual gravity side, one can try to get the subleading terms in n for the case n.
• It will be interesting to see if Nachtmann's original proof [10] can be extended to the n = 0 case. typos in our earlier version and confirming several of our results. AS acknowledges support from a Ramanujan fellowship, Govt. of India.
A Calculation details
To clearly see the expressions for the anomalous dimensions discussed in the main text we now take a mathematical detour a little to explain some of the steps and the useful formulae that goes into the derivation of the above expressions. Note that in the following calculations we will not put the overall factor of 4P m for convenience. Each of the above expressions use the summation of the generic type
Using the integral representaion of the Γ-function, the summation on the rhs can be converted into,
The summation inside the integral can be written as,
where Γ(a, x) is the incomplete Gamma function given by Γ(a, x) = ∞ x z a−1 e −z dz. Thus the function a(x, m) becomes after the above substitution as,
At this point we do a change of variable from z to z = y + t whereby we notice that the limits of the integral on z changes to y = 0 and y = ∞ respectively. Thus we get, 
B Verification of some useful formulae
With the definitions of the formula in the previous section we can now apply them to our cases specific to the exchange of the twist-2 scalar and a spin-2, twist-2 field.
B.1 m = 0 and τ m = 2
We will first deal with the case of a twist-2 scalar exchange. The formulae are much simpler for this case.
This formula needs no verification. We can simply put m = 0 and τ m = 2 to see that the rhs is produced.
2.
To see this we recall from the previous section that
Performing the integrals at = 1, fixes the form on the rhs of the above formula.
3.
In this case the coefficients a n,m are given by,
We will now use the reflection formula for the Γ-functions to obtain,
Separating out the m independent parts and using the integral representation of the product of the Γ-functions given by,
we can perform the sum over m to get,
Hence the coefficient γ n associated with the anomalous dimensions become,
Using the transformation of variables for x = r 2 cos 2 θ and y = r 2 sin 2 θ and performing the integral over only the first quadrant, the integration limits change from r = 0 to r = ∞ and θ = 0 to θ = π/2. The integral thus becomes,
Putting this with the overall factors we get,
which is independent of n. Here we have not taken into account the overall factor of 4P m that we should multiply with the expression for γ n to match the result with the main text.
B.2 m = 2 and τ m = 2
We list below the derivation of important formulae required pertaining to this case.
As in the scalar case we put τ m = 2 and m = 2 for this case to retrieve the rhs of the above formula.
(B.13)
To get to this, we will appeal to (A.7), by noticing that the factor
can be arranged as, 14) where A = 1, B = −4m, C = 6m 2 + 6m + 2, D = −4(m + 1) 3 and E = (2 + 3m + m 2 ) 2 . Thus the sum becomes, We know how the each of the terms go by looking at (A.8). By combining the coefficients we find that the rhs is produced.
3.
γ n = n m=0 a n,m . (B.16)
We will now prove the final piece of the analytic puzzle as follows. First note that a n,m for m = 2 and τ m = 2 is given in a closed form expression as a n,m = (−1) n+m 15( which is the precise formula for γ n in d = 4 dimensions. Note that the final expression for γ n derived above needs to be multiplied by an overall factor of 4P m to match with that in the main text.
C n dependence of γ n for m > 2
In this section we will give an overview on the leading n dependence of the coefficients of the anomalous dimensions viz. γ n . We will consider two cases with twist-2 and spins m = 4, 6. For m = 4, the coefficients a n,m are given by, To calculate the leading n dependence in the coefficient γ n , we take the leading term proportional to m 4 in a n,m and do the sum over m to get, γ n = n m=0 a n,m = − 22050P m n 8 ∆ 2 φ (∆ φ + 1) 2 (∆ φ + 2) 2 − · · · .
(C.2)
Thus the leading n dependence of the coefficients γ n for m = 4 is ∼ −n 8 . Similarly for m = 6, the coefficients a n,m are given by, Again, we take the leading term in m in a n,m and sum over m to get, γ n = n m=0 a n,m = − 5549544P m n 12 ∆ 2 φ (∆ φ + 1) 2 (∆ φ + 2) 2 (∆ φ + 3) 2 (∆ φ + 4) 2 − · · · .
(C.4)
All the above expressions for γ n are upto overall normalization constants. Thus for a generic m we find that the coefficient γ n has an n dependence given by,
